In recent years, there has been great interest in using control theory to alter the stability regimes of fluid systems. A flow property is measured at a point and relayed back to a control that alters a condition that opposes the instability, thereby postponing its onset. Here, we discuss an alternative to postponing and even eliminating instabilities without the need for measuring properties or designing control strategies: a shear flow imposed upon a system produces an interfacial viscous-capillary wave which, in the nonlinear regime, is capable of postponing or even eliminating the incipient instability. The literature shows several examples, whereby Rayleigh break-up of capillary jets is eliminated, van der Waals dry-out of a film is removed and thermocapillary instability is avoided by the application of a suitable surface shear or an imposed fluid flow. The stabilization mechanism is closely linked to the behaviour of the lowerorder terms governing the evolution of the liquidgas interface profile, providing an estimate for the time scales and shear strength involved. Our intention here is to develop a unified theoretical framework for the study of a large number of thin liquid-film configurations and related systems.
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Introduction
Consider a uniform liquid-film on a plane of infinite extent surrounded by an ambient gas phase. The liquidgas interface can become unstable to spatially periodic disturbances of wavelength λ much longer than the film thickness h 0 when it is acted upon by gravitational, thermocapillary and attractive van der Waals (vdW) 2 rspa.royalsocietypublishing.org Proc. R. Soc. A forces as well as a host of other mechanisms. These instabilities lead to thinning of the film locally and hence dry-out whereupon the substrate is exposed to the gas.
Asymptotic analysis of the governing fluid-flow equations with respect to the inverse wavelength proceeds by taking the limit ε ≡ 2π h 0 /λ → 0 and leads to the dimensionless single evolution equation [1, 2] 
where Z = H(X, T) is the liquid-gas interface profile in two dimensions (figure 1) and a subscript denotes partial differentiation with respect to the indicated variable. T = 2π U 0 t/λ is the dimensionless time scale implying slow temporal variations in this approximation and U 0 is a characteristic horizontal velocity scale. The third term in equation (1.1) destabilizes the film whenever f (H) > 0 since it is associated with backward diffusion. The fourth term arises from balancing the normal stress at the interface, it incorporates the effects of surface tension and interface curvature, and is stabilizing when g(H) > 0. Thus, in the absence of the second term (τ = 0), equation (1.1) governs the instabilities and realizations of a whole family of physical systems. These physical systems play a significant role in nature and have been incorporated into numerous engineering applications. For instance, the linings of mammalian lungs and tear films on corneas appear as thin liquid-films in one form or another. Man-made processes such as the manufacturing of lightweight structures depend on thin liquid-films that appear as liquid bridges in solidifying foams. Paints, adhesives, ink-jet printing and a host of other engineering applications require an understanding of the dynamical behaviour of these films.
Because these processes are inherently unstable, it is desirable to establish mechanisms that can provide stabilization. Control theory can, in principle, be employed to alter the stability regimes of fluid systems. A flow property is measured at a point and relayed back to a control that alters a condition that opposes the instability, thereby postponing its onset [3] . On the other hand, the application of a surface shear (blowing air or applying suitable temperature gradients [4] [5] [6] ) or a body force [7, 8] on a liquid-film can generate an interfacial nonlinear viscous-capillary wave which competes with the instability-inducing mechanism. In this case, equation (1.1) inherits the second term in which the magnitude of the shear is measured by τ . The different physical mechanisms outlined above give rise to different values of the integer exponent m ≥ 2. In the surface shear case m = 2 and in the body-force case m = 3.
Besides the direct imposition of shear, one can study films of structured liquids endowed with a macroscopic electric polarization or magnetic moment that responds to electric or magnetic fields [9] . Local rotation of particles on the liquid-gas interface then induces the aforementioned interfacial shear. This, again, results in equations of the form (1.1).
This article addresses the physical and mathematical mechanisms that lead to stabilization of an unstable liquid-film by way of an imposed shear flow. From the outset, we approach equation (1.1) from an entirely mathematical viewpoint without attempting to address the parametric limitations of its derivation (for instance that τ must be O(ε) for asymptotic balance, but here we also allow τ to be large). After the mathematical analysis is completed and new
insights have been gained, equation (1.1) is integrated numerically, yielding results that are physically realizable. We tacitly assume that the spatial domain is periodic.
In §2, we outline the properties commonly shared by thin liquid-film systems and their incipient instabilities. These properties include their linear dispersion relations, their Lyapunov structures and possible self-similar behaviours. However, all these systems share a much more fundamental property: solutions of equation (1.1) are invariant with respect to the O(2) symmetry group of translations and reflections when the surface shear vanishes (τ = 0). A non-zero surface shear τ , on the other hand, breaks the O(2) reflection symmetry and endows these systems with an SO(2) symmetry such that solutions become invariant with respect to parallel translations only. This broken symmetry induces patterns that slowly drift in the frame of reference moving with velocity τ in analogy with the case of rotational convection [10] . We perform a weakly nonlinear analysis of the general equation (1.1) for an arbitrary value of the shear parameter τ . The analysis leads to an estimate of the critical value τ c for which the system changes behaviour from subcritical to supercritical. For the problem of attractive vdW forces [6] , τ c is exactly the value required to suppress rupture. τ c is again the value required to suppress rupture in the case of a thin film on an inclined heated plate. The analysis also leads to the conclusion that, for a film on the underside of a plate, a surface shear, however small, can suppress the RayleighTaylor instability. Thus, the general analysis carried out above can be extended to all systems characterized by equation (1.1).
In §3, we provide a discussion of the physical mechanisms responsible for liquid-film stabilization: a fast nonlinear wave, which would normally steepen, competes with the instability and is replaced by a finite-amplitude viscous-capillary permanent wave providing the soughtafter stabilization. The analysis is carried out in the context of a first-order unidirectional wave equation based on the first two terms of (1.1) which provide important information about the speed of propagation and the fate of the initial data. Caution has to be exercised in the course of such an analysis since the resulting steepening waves may violate the assumption of slow variation in their derivation. The predictions are compared with numerical calculations of the flow and provide a basis for the understanding of the physical mechanisms. In §4, we display results of our numerical simulations for the gas-liquid interface, the velocity and vorticity fields and provide some detail on the numerical methods employed. In §5, we discuss the main results derived in the present article. . In all cases below, we tacitly assume that this condition is always satisfied so that the system lies deep into the instability region. Note that the presence of the shear does not affect the instability interval. It is only in the nonlinear range that the shear is effective.
Common properties of the thin-film equations

(b) Examples of stabilized films (i) Film on an inclined plane
A thin liquid-film on an inclined plane and subject to gravity is unstable to disturbances of wavelength longer than the film thickness [11, 12] . Benney [7] derived the thin-film equation An imposed shear on the liquid-gas interface generates a travelling wave that stabilizes against film rupture.
where Re is a Reynolds number associated with the maximum velocity of the undisturbed layer, S is the dimensionless surface tension and τ = 1. Here, α is the angle of inclination to the horizontal. The vertical plate case (α = π/2) is also of considerable historical importance since it is associated with early studies of the Kuramoto-Sivashinsky equation [13] .
(ii) van der Waals rupture of an ultra-thin liquid-film on a solid substrate Geometry of a thin film on the underside of a plate demonstrating the elimination of the Rayleigh-Taylor instability.
Gravity is destabilizing but a surface shear can generate a travelling wave that stabilizes the film.
The attractive nature of the potential φ leads to thinning of depressions of the liquid-gas interface and eventual rupture of the thin liquid-film [16] . In this case, a sufficiently strong imposed shear τ will stabilize the film against dry-out [6].
(iii) Rayleigh-Taylor instability
When a liquid-film resides under a plate and is acted upon by gravitational, viscous and capillary forces, small perturbations to its thickness will increase in size since gravity acts from liquid to gas and promotes instability. The thickness of the film satisfies equation (1.1) with
A surface shear of any magnitude will then delay or remove the incipient instability [8] (figure 4).
(iv) Thermocapillary instability
Consider a liquid-film above a horizontal plate uniformly heated with respect to the gas. Disturbances to the interface grow when surface-tension variations with respect to temperature (measured by the Marangoni number, Ma) are long enough [17] . Here,
where Bi is the Biot number that measures heat loss at the interface andC is a scaled capillary number. A sufficiently strong surface shear will then delay or remove the incipient instability.
(v) Thermocapillary instability on a slightly inclined plane
This is a case of interest since it includes the effects of both gravity and thermocapillarity [18] . It corresponds to 6) where the Bond number Bo measures the relative importance of gravitational versus capillary effects. Here, the role of the imposed shear is played by the (small) inclination angle α. Gravity is stabilizing by increasing the inclination angle α [19] , which is identified with the parameter τ in equation (1.1).
(vi) Liquid with rotational degrees of freedom
The motion of fine polar particles suspended in a Newtonian liquid, i.e. particles endowed with an internal mechanism such as polarization, which can respond to an external torque, can be described macroscopically by retaining the balance of angular momentum which is now independent of its linear counterpart [20, 21] . This inclusion is necessary since, in general, the . Nanosize particles suspended in a carrier liquid can respond to an external torque leading to their collective rotation near the liquid-gas interface giving rise to an interfacial stress that acts as a shear 'wind' which generates a nonlinear wave stabilizing the film [9] . macroscopic particle angular velocity differs from the liquid rigid-body angular velocity, i.e. one-half of its vorticity.
Two cases arise depending on the type of stresses experienced by the suspended particles (figure 5). In the absence of couple stresses, a liquid-gas interface will destabilize by any of the aforementioned mechanisms (attractive vdW forces, thermocapillary instability, etc.) but will be stabilized by an external torque leading to equation (1.1) with
The presence of couple stresses in the Navier-Stokes equations on the other hand leads to a dramatic change in the evolution equation for the liquid-gas interface profile. In the small H limit, one recovers equation ( (c) Examples of other systems stabilized by shear or convective terms
The classical instability of a capillary jet (Rayleigh [22] ) becoming unstable due to surface-tension forces resulting in droplet formation can be stabilized by an axial flow induced by a 'wind' in the gas or by imposing an axial temperature and hence an axial surface-tension gradient [23] . Even though the jet is not a thin film, the stabilization method is analogous to the ones discussed above.
(ii) Convective Cahn-Hilliard equation
Spinodal decomposition in phase-separating systems exhibits the coarsening dynamics [24] described by the Cahn-Hilliard equation [25] . The introduction of a convective term leads to a transition from the coarsening dynamics to a chaotic spatiotemporal regime. Then, the order parameter H satisfies equation (1.1) with
(see [26] ). Here, τ is the driving force behind the aforementioned transition.
(d) Bifurcation analysis (i) Travelling waves in rotational convection
It has been experimentally verified [10] that heating a liquid from below in a rotating annular cylinder leads to the formation of travelling-wave convective patterns. The patterns perform a rigid-body motion with angular velocity which is different from the cylinder's angular velocity. travelling wave frequency depends linearly on R c . The observed waves are called 'rotational waves' [27] and their presence is due to the broken reflection symmetry the system suffers when the cylinder is set into motion. We see below that, from a symmetry point of view, the mechanisms that give rise to stability in thin liquid-films have the same origin, that is, the broken reflection symmetry of the unsheared films. The stable films have an amplitude that scales as the square root of the instability parameter (for instance, this could be the scaled Hamaker constant, in the case of attractive vdW forces) and the velocity of the resulting waves depends linearly on the amount of shear. This observation is not new and has been described in detail by Thiele & Knobloch [19] for the special case of a film in a slightly inclined heated plate (cf. §2b(v)). There, the instability parameter is Ma/Ma c − 1, where Ma c is the critical Marangoni number and the 'shear' is provided by the angle of inclination. Below we follow the arguments laid down by Knobloch and co-workers [10, 28] regarding the conditions that break the symmetry and give rise to stabilization.
(ii) O(2) and SO(2) symmetries of the thin-film equations
In the absence of surface shear, τ ≡ 0, the thin-film equation (1.1) is invariant under the group O(2) of parallel translations and reflections
If an external mechanism, be it air blowing, body force or external torque, becomes operative with τ = 0, it will break the reflection but not the parallel translation symmetry. Other symmetries involving the combination of time-reversal with the above properties are also possible but are not pursued further here.
(iii) Broken symmetry
As discussed in the previous section, all thin-film equations characterized by equation (1.1) in the absence of a convective term (τ = 0) are invariant with respect to parallel translation and reflection. In this case, at the threshold of instability, there is a subcritical pitchfork bifurcation [29] [30] [31] [32] . In this case, the liquid-gas interface profile has the form 10) where re denotes the real part of a complex number, q is the critical wavenumber and measures the distance from criticality ( is not to be identified with the scale ε used to derive equation (1.1)). The absence of surface shear τ ≡ 0 imparts the following properties onto the complex amplitude A: 
for some constants α i that in general depend on the wavenumber q at the onset of instability. When α 1 < 0 and α 2 > 0, the resulting equilibria correspond to a subcritical pitchfork. 14) for some constants β i that in general depend on q. In polar coordinates, the 'phase part' of equation (2.14) can be expressed as θ T = τ (β 1 + β 2 R 2 ), which can also be derived easily from the thin-film equation (1.1) . Now, however, the resulting equilibria (orbits) correspond to Hopf bifurcations. This is the case associated with travelling-wave solutions of the thin-film equation (1.1) . The travelling-wave speed, V = τ (β 1 + β 2 R 2 ), depends on the square of the amplitude. This will be discussed further below.
(iv) Weakly nonlinear theory for arbitrary shear stress strength τ
Below we carry out a weakly nonlinear analysis for an arbitrary value of the shear parameter τ . The special cases of low and high τ have already been discussed in the literature (see [6, 26, 29] respectively).
A bifurcation parameter a which gives rise to instability when a > 0 (for instance, this can be the Hamaker constant) is implicitly assumed to exist as part of the function f (H). For clarity, we replace f (H) in equation (1.1) by its counterpart containing the bifurcation parameter explicitly
We can then generalize the discussion of Thiele & Knobloch [19] , who considered the special case of a heated liquid-film on an inclined plane (cf. §2b(v)) and provided a detailed analysis of transitions from primary to secondary bifurcations. We introduce a Galilean frame of reference ξ = X − VT moving with velocity V. Substituting into equation (1.1) and performing one integration, we obtain
where K is an integration constant. We expand V, a and K with respect to a positive parameter that measures distance from criticality (note that is a parameter distinct from the expansion coefficient ε employed in deriving equation (1.1) 17) and also expand the function H about the homogeneous steady state as H = 1 + w, where 18) for constant complex amplitudes A c , B c , etc. and wavenumber q associated with the primary bifurcation. The functions f and g can be expanded in the vicinity of a = a 0 and H = 1. For simplicity, we employ the following notation:
where the meaning of the coefficients is
, etc. It is easy to derive the first few corrections and 28) which are identical to relations (25) and (26) of Thiele & Knobloch [19] with the exception of the presence of the more general squared amplitude A 2 c + A 2 s in the above relations and a factor of three due to the different definitions of the critical parameters. We also obtain the more general higher-order amplitudes
and
The transition from subcritical to supercritical behaviour occurs for values of the shear τ satisfying 
For τ = 0, the bifurcation is a subcritical pitchfork as was elucidated in §2d(iii). For non-zero but small values of τ , one obtains a subcritical Hopf bifurcation. On the other hand, when τ is large the Hopf bifurcation becomes supercritical. Equation (2.32) is valuable from a practical point of view since it provides a good approximation to the critical strength of shear τ c (q) required to suppress the vdW-driven thin liquid-film rupture. Solving the first relation of equation (2.32) for τ , we obtain τ c (q) = ±2 √ 38q 3 s, (2.34) where the sign denotes the direction of propagation. For s = 1 and q = 1 denoting the wavenumber at the threshold of instability (figure 2), we obtain that The two second-order amplitudes are
(Ac − As)(Ac + As)τ q 3 s and B c = − 1 12
Ac As τ q 3 s . (2.37) Equation (2.36) implies that the bifurcation is supercritical for any non-zero value of the shear stress τ . Therefore, even an infinitesimal amount of surface shear is capable of stabilizing the film.
In figure 7 , we display the minimum amplitude of the liquid-gas interface profile H versus the shear parameter τ for a physical space interval of length L = 2π √ 2 corresponding to the most unstable wavenumber k M = 1/ √ 2 and verify that the aforementioned supercritical behaviour indeed takes place.
(e) Lyapunov property of the evolution equation
In the absence of shear (τ ≡ 0), the evolution equation (1.1) can be written in the form 38) with respect to the Lagrangian Figure 8 . Plot of the minimum (lower curve) and maximum amplitude of the wave of the full thin-film equation (1.1) versus time T for the case of vdW-driven rupture with surface shear (cf. §2b(ii)). The circle corresponds to the breaking time t B , the square denotes the time t max when the shock-strength becomes maximum and the star denotes the characteristic time t M for rupture of the thin liquid-film (cf. equations (3.2) and (3.9)). Before breaking, there is a time interval [0, t B ) during which there is no mechanism to stop rupture and the minimum amplitude decays towards zero. When the wave breaks and, most importantly, when the wave reaches the most dangerous characteristic, which emanates from ξ = L/2attimet max , the minimum amplitude reverses its direction and eventually approaches a steady state. (Online version in colour.) 40) implying that the functional F is a decreasing function of time. Important information can be obtained from this relation regarding the fate of the liquid-film due to instability (see [31, 33] ).
(f) Similarity-type solutions of the thin-film equations
In this section, we examine which of the thin-film equations have a similarity-type solution of the form
Strictly speaking, these solutions are appropriate in an infinite medium where a reservoir of liquid is present; in a finite medium, they are incompatible with volume conservation. Although such solutions may correspond to singularities, they may not satisfy set initial conditions and a local asymptotic analysis may be required to match the singularity to the main flow.
(i) van der Waals-driven rupture of a thin liquid-film
It is known [34, 35] that equation (1.1) in the absence of shear (τ ≡ 0) has similarity-type solutions for n = (
ii) Rayleigh-Taylor instability
It turns out that equation (1.1) with both τ = 0 and τ = 0 with m = 3 has similarity-type solutions corresponding to the same exponents = 0 and n = − 
T R here would correspond to the time when the film thickness breaks up.
Shear strength and rupture times
The evolution equation (1.1) was derived in the long-wavelength approximation where the variation of the flow structure parallel to the substrate is much longer than its normal counterpart. This then implies that the resulting liquid-gas interfaces vary slowly in their tangential direction and are thus characterized by small slopes. On the other hand, the convective character of the flow described by the first two terms of equation (1.1) corresponding to the first-order unidirectional wave equation,
can give rise to shock waves and thus infinite slopes in the profile H. Keeping in mind this significant distinction, we can analyse (3.1) purely mathematically since it provides important information mostly about the speed of propagation of the initial data and the corresponding time scales. We then examine if the predictions derived from such an analysis are physically reasonable and agree with the results from our numerical simulations. We find that this turns out to indeed be the case. For definiteness, we consider rupture of a thin liquid-film and its stabilization by a surface shear m = 2 (cf. §2b(ii)). Performing numerical simulations of equation (1.1) with τ = 0, initial data (3.1) and a spatial interval of length L = 2π √ 2 corresponding to the most unstable wavenumber k M = 1/ √ 2, we find that the film ruptures near the time T ≈ 4. On the other hand, when the shear parameter τ > τ c ≡ 9.75 (τ c here corresponds to the most unstable wavenumber k = k M in contrast to the discussion of §2b, where τ c corresponds to the onset of instability wavenumber k = 1, figure 2), we find that rupture is suppressed. The analysis performed below shows that there is an initial period where the wave steepens but has not yet become triple-valued. When τ exceeds τ c , the wave breaks, leading to a zero-strength shock (that is, the profiles ahead and before the shock are equal). Its strength becomes maximum at a time t max which is inversely proportional to the shear parameter τ . Thus, the stronger the shear, the earlier the wave steepens and breaks so that the lowest liquid-gas interface elevation is still far from the solid substrate.
A rough estimate of the required strength of shear to suppress rupture can be established by comparing the characteristic time for rupture 2) derived from the dispersion relation (2.1) by setting μ = 1, with the time t max = L/4δτ when the shock reaches its maximum strength where δ is defined in (3.1). t max is also equal to the time t L/2 , that is, the time when the most dangerous characteristic reaches the shock. We thus require that
For δ = 0.1 and k M = 1/ √ 2, we find that τ 5.5 , which is consistent with the numerically determined value of about 9.75 .
In passing, we also mention that, for k M = 1/ √ 2, the characteristic time for rupture above is t M = 4 and this is surprisingly close to the numerically determined rupture time (of about 4.2). Of course, the actual time will also depend on the proximity of the initial data to the solid substrate and this information is not taken into account in the estimate (3.2).
(a) Shock structure
The initial-value problem (3.1) is worked out in detail by Whitham [36, p. 50 ] but for the initial profile 1 + δ sin k M x and exponent value m = 2. Below we derive the relevant time scales for a general exponent m and illustrate the general results with the most frequently occurring exponent m = 2. Performing the transformation ξ → ξ + L/4 provides the solution tailored to our initial condition in equation (3.1). Let ξ 1 and ξ 2 (ξ 1 > ξ 2 ) label the characteristics that will meet on the shock curve. From figure 9 , we obtain the shock equation 
Therefore, to leading order in δ this is 6) by employing the trigonometric identity cos a
. The shock strength condition has the form
where H 0 = 1 and the H i elevation is associated with the characteristic emanating from X = ξ i . where t B is the breaking time, t max is the time when the shock acquires its maximum strength and t L/2 is the time when the most dangerous characteristic for rupture (labelled by ξ = L/2) meets with the shock. The breaking and maximum strength times are given by the expressions
To interpret these results, we specialize to the most commonly occurring case m = 2 and obtain the following behaviour for the characteristics and the shock which is displayed in figure 10: -During the initial time interval t ∈ [0, t B ), there is no mechanism present to delay rupture so the minimum amplitude of the profile decays to zero (figure 8). -The wave breaks for the first time for ξ 1 = ξ 2 at time t B = L/(2πδτ ) corresponding to the circle in figure 8 (setting ξ 1 = ξ 2 and m = 2 in equation (3.6)) and the shock has zero strength there (equation (3.7) ). -When the characteristics satisfy ξ 1 − ξ 2 = L/2, the shock acquires its maximum strength (H 2 − H 1 )/H 0 = 2δ. This occurs at time t max = L/(4δτ ), corresponding to the square in figure 8 . -The ξ = L/2 characteristic reaches the shock at time t L/2 = L/(4δτ ), which is identical to t max above.
In figure 8 , we plot the minimum and maximum amplitudes of the wave of the full thin-film equation (1.1) versus time T. Before breaking, there is a time interval [0, t B ) where there is no mechanism to stop rupture and the minimum amplitude decays towards zero. When the wave breaks and, most importantly, when the wave reaches the most dangerous characteristic, which emanates from ξ = L/2 at time t max , the minimum amplitude reverses its direction and eventually approaches a steady state. 
Numerical results
In figures 11 and 12, we display the thin liquid-film profile, the velocity and vorticity fields for the vdW problem of §2b(ii) and the Rayleigh-Taylor instability of §2b(iii), respectively. In both cases, the film is stabilized by surface shear. In the limited physical space interval length we are considering here L = 2π √ 2 all spectra decay exponentially with k (by spectra we mean the energy E(k) = |Ĥ(k, T)| 2 /2 where averaging is over time andĤ(k, T) is the Fourier coefficient of the profile H(X, T)). This in turn implies that the long-wavelength waves/coherent structures in physical space are amplified and their short-wavelength counterparts are depressed.
For all physical space sizes, we used a standard pseudospectral Fourier method in conjunction with one of MatLab's variable time-stepping routines. Two hundred and fifty-six nodes were sufficient to provide the sought-after spatial resolution. Following Kerchman & Frenkel [37] , we performed de-aliasing by filtering out three-fifths of the higher wavenumbers. This is done by setting the Fourier coefficients of H and its derivatives corresponding to those high wavenumbers equal to zero at each time step and prior to calculating the nonlinear terms in physical space.
In passing, it is worthwhile mentioning that, for large enough surface shear parameter τ and large physical space, the spectra of the thin-film equation (1.1) are flat in the region k → 0, they reach a peak near the most unstable wavenumber k M = 1/ √ 2 and are then characterized by a region where the spectrum decays as k −4 . This is analogous to the behaviour obtained in analytical and numerical studies of the Kuramoto-Sivashinsky equation [38] [39] [40] [41] . 
Concluding remarks
The weakly nonlinear analysis of §2d(iv) provides a general criterion (equation (2.25)) for the transition from subcritical to supercritical behaviour of a thin liquid-film described by equation (1.1). In the context of attractive vdW forces, this same criterion provides a surprisingly accurate estimate for the critical shear stress parameter τ c required to suppress film rupture (equation (2.34) ). This critical value of the shear parameter agrees well with the predictions of direct numerical simulations of equation (1.1) (cf. figure 6 ). In the context of the Rayleigh-Taylor instability of a film on the underside of a plate, the weakly nonlinear analysis shows that even an infinitesimal amount of shear is capable of suppressing the corresponding instability. This is also corroborated by the numerical simulations displayed in figure 7 . Physically, one expects that the convective term H m−1 H X of equation (1.1) competes with the instability and, if shear is strong enough, the resulting steepening wave overtakes the most dangerous characteristic and averts the tendency of the film to destabilize. This was discussed in detail in §3.
A physical interpretation of the various terms in equation (1.1) can be drawn by resorting to a corresponding interpretation in the context of the Kuramoto-Sivashinsky equation ( f = g = 1, m = 2) [39, 41, 43] : the third term behaves as an energy source of macroscopic motion, injecting energy to the instability. The fourth term is an energy sink due to viscous dissipation. The wave is amplified in the long-wavelength region where injection is prominent and depressed in the short. The second term introduces communication between these two regions in wavenumber space transferring energy from the small to large wavenumbers, leading to a stable non-uniform pattern. As Yamada & Kuramoto [39] pointed out, this type of 'turbulence' can be self-maintained homogeneously and isotropically without external energy injection. This is in contrast to the
